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Lattice

e will prove that (Eq(A); €) s o lattice

with  Eq(A) being the sef of all equivalence relotions on A

and A being an orbitrary  set.

We will prove this by showing thot Pand Q hold for any tuo elements X and ¥V in  Eq(A).
def.

Pe> the join of X ond Y is (Xew)™
def.
Qe the meet of X and Y is XA Y

proof of P

proof of P:
def, *«
(iY <=>  for ony two equivalence relations o ond T on A, (oo M)* is also on equivalence relotion on A

proof:

I will prove (i) by checking all conditions of equivoience relotions:

Let A be the universe. | by oefinition of U
1) (oem)* is  reflexive:

Vo ( (a,al € o A~ (o,a)€ ™) (true by reflexivity of o, ) € O0omM ond M € aeoll

- (48]

= Vo ((a,0)e ool A (a,0) € g =T) Ay
= Vo (o) € oemn) | (oem g (oom*

<> VYo ((a,0) € (oom)* )
> (oom)* is reflexive €3}
As ) is ftrue, (2) holds.
2) (oe W™ is transitive:
let o and b be arbitrary elements in A,
() C3c ((o,e) e (@eT)* A (g, b) € (coT)* )

[ existent. instant,

=2 (o, c)l€ (oo T* A (g b) € (ocem* [ bu definition of tronsitive closure

=> FsaAt( SENA tEN" A (a,cle (cen)s A ()€ (ocam') | existemtial instantiotion
=> (a,cl€ (oM A (e, b) e (o om?

= (o,b) € (oo (oceT)x
- N

= (a,b) € (ocems* | by definition of trans. closure
= (a,b) € (ceM™* (2)

As W= () holds, (0emM?* is transitive

3)  (oemM* is symmetric: let a ond b be arbitrary elements in A
) (o, b) € (oom*
= 3k ( (o,b) € (@em)* )

| summetry of o and T, [progf (2}
= (b,0) & (o =m* (2)

As (1) = (2) holds, (oo M*is sqrmmerric.
Consequently, (i) holds.

As all X and ¥ in Eq(A) ore equivalence relations, it also holds thot (xe¥"is on equivolence
Thus, (xe¥)* e Eq(A) [Gi)

relaton on A by G

Giii) (gez VZ((Z € Eq(A) A XS Z A ¥ &) » (Xe)* £ Z)
This  holds by proof 2.
GVES X € (xew1* A weE (xew)*
(v) holds, as X £ X% by proof | and Xe¥e (xe¥)* by definition.
By transitivity of £, X (xe¥*
The some orgurmentation  can be used to show ¥ & (xe=™
By Gi), i) and Gl : P holds.
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proof (1) -
oS oo
> Wx V()€ © = (yle oo )) -wrivensaH—imbrat

¢ (x,y)€o = (Jalx, 2)€ o A (z) em)))
= U=y e o =2 (x.yl€a A yyreT)) | reflexivity of Tt
= ((x,q) € o =2 (xyleo )
<> () & o v (x, €0 )
The lost statermment is ftrividlly true.
Thus, © € & T,

The some explaonation  works for the proof of TS o e Tl

proof (z):
to be proven: Vke N (Pk))
P(n) e (a,ble (oeT)* =3 (b,a)l€ (com)* Ffor all a,bin A
with o, M being equivalence relations on some setA
Let A be the wvuniverse,
proof by induction:
bose case: PW) (Let o,b be arbitrary elerments in A.)
() (o, b) € (o o)
= Ix ((a,x)€ o A (x,b)e m) | reflexivity of o ond T
= Ix ((bple o A (x,B)EN A (o,x)€ o A (o,0)€ T) | summetry of o and T
= Ix( (p,B)E O A (b,x)ENM A (x,00€ o A (0,0)€TTW)
= A% ( (b,x1€ oM A (x,0)€ ocem)
= (b,o) € (oeom)?
= (b, @) € (cemM* i)
As G)= (Y holds, PO) holds.
induction hypothesis :  P(n) holds for some n €MN*
induction step!
@ (o, b) € (oem"
= 3x ((a,x)€ (oM A (xb)e (oeom ) lexist. initiclizotion, (M
D (x,0) € (ceTM* A (x b) € (oo
= 3dk ( (x,0) € (cen)* A (x,b) € (o)) | exist. infiolization, bose cose
= 3k ( (x,0) € CoeTM)k A (b,x) € (ocem?)
= Fk3Ie((x,0)€ (coT® A (beE) € (com) A (&x)E (o))
= 3k 3e (tgo)€ (comM ™ A (pele (com)
= 3k ((bo)€ (comk*? )

=> (bo)€ (coml™
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prGO'F S
proof by induction: Yne M* ( P(n)

with P S5k e Zaveg)e (xey) & 2)

for oll elements X, Y Z in Eq(A)
bose caose: PO

proof by contradiction * Suppose thatr P
(P LYY <=2

doesn't hald.

Ax3¥Y A2 ((X, Y. 21€ EqlP? A XS Z A ¥YSZa
= Xe Z A YeZ A
> X & 2 A YeZ a

1(xe) e 2 ) | exist. inst.
WAWx vy Chayle (Xe®) = (x,4)€ Z )
T3y Clx, YD E (X9 A (x,u)& Z2)
D X € Z A YEZ A oy €(XeY) A

= 3z ((x,2) € X a (E,L‘)e $) oA

| exist. inst.
(%, yle =z )]

(x.yl & 2 ](a.:)ez by (x2)eX and Xe2
Sitivity o Q
= ayle 2 A kyl &2

The last starement is False. Thus, the assumption must have been wrong,
Therefore, PO holds.
induction hypothesis: P(n) holds for some ne MN*
induction step:
proof by conmradiction *

Suppose that Pln+)  doesr't hold
(P (A*1)) e=>

AxIVIZ((X,N2IC EqlM® A X€Z n Y2 Z A
= Xe& Z A Vs
= X =]

S (ko™ 2 2)
Z A WxVy (G yde (X"'-e'?‘-" (=,yte Z )
£ A

| exist. inst.

in

Z a

n

T3y (O, )€ (e 9T A (xq)@2)
S X € Z A NEEZ A Ge)e(XeW) A (xy & z)
= x € 2 A NS E A

| exist. inst.

Tz ((x,m) € (X" A Ca, € (Key)a (x,y) & B
=> 3z ({x,z2) €2 a (i.l.{“€z] I (x,q‘q =4

| tronsitivitg of 2 (ze £q(A))
kyle 8 an ky)lé&2

| IH, bose case

The last stafernent is Falge. Thus, the assumption rust hove been wrong.

Therefore, P(n+1]l  must hold (given P(nY).

Additionally:

VneMNT (P = ((xs 2 an Yez)= (xew)™ € 2) for ol XY Z in EqlA),
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proofof Q

proof of Q:

4 ror ony two equivolence relations o ond T on A, (onT) is also on equivalence relotion on A
proof:
I will prove fthis stoterment bu. checkir\g all conditions of equlvaler\ce relations:
letr © ond T be equivalence relation o A. Let A be the universe.
) oenn is reflexive:
M ¥o ((a,0l € o a C(aa)e W) (by reflexivity of o, ) I by definition of -~

<> ¥o ((a.a) e o n )
=) o n M is reflexive

As Q) is true by reflexivity of o and M. Thus, anT is reflexive.

z2) o NnT is fonsitive: let o and b be arbitrory elements in A
m (3c ((a,c)e onT A (gb)E & nT) | existential mstantiation
= (la,cle oanT A (gb)E O nT)

[ by definition of N

= (a,c) € o A (o,c) € M A (c,bl € & A (e,ble T [ by tronsitivity of o and T
= (o.b) € o A (a, byem | definition of N

= (o, b) € o~ T ) (2)
As (1) => (2) holas, onl is transitive.

1) & n T is symmetric: let o and b be arbitrory elements in A,

Q) ( (a,b) € O A~ T ) | defimition of

= (oobYe & A (o,b)e ™ | summetry of o and T
= (b,o) € 0 A (b ale T | definition of A

= (tbho)y € o nmm ) (21

As (1) =™ (2) holds, O n T is symmetric,
Since o n T is reflexive, symmetric and  tronsitive, oAl is  an equivolence relation.
Consequently, (i)  holds.

As al X and ¥ in Eq(A) ore equivalence relations, it alse holds thot XaY is an equivalence relaton on A by ).
Thus, XnaY € EqlA) i)

Gid) s VZ2((Z € EqA) Ao ZEX A ZeX) » Z& Xn¥)
proof by contradiction:
Suppose that (i) wos false.
Wi e? FZ(ZE€EQIAI A ESE Xn XSEY A Z 2 XAY) | exist. instans.
= Z2EX A EEY A EE& XnY
€ Volo€ Z »(oeX n 0€ Y A Z & XnY |

= Vol(a€Z » a€Xn¥)l A 2 2 XnY

definition of

=> 2E XnY A Z & XaVY
The last statement is Ffalse. Thus, the assumption must have been Ffolse,
Therefore, (i} must hold.
G 425 Xa¥ € X A XavEY
proof of  (iv):
Xn¥ e X = WelxeXa¥) » xe X))
= Wxlxe xan xe¥)~> xe Xx)
= Wx (1(=EX A x€EY¥) v x& X )
= Yx{ x& X v xeY yv xe x)
=2 ¥x{xe¥yv Tl
= ¥x (T]
The last staotement is trivially true.
Thus, XaY¥ € X holds.
The same argumentotion also  works for XalY €4
Thus, (iv) holds.

By G, G and Gv): Q holds.



