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Let A-Eas , ..., and be a finite set and PEAXA a relation.

Fix the ordering Can
, ...,

and of A.

Define the adjacency matrix M : (mij) 20, 15
**

by

mij-& ifCai,ate
Recall ph is the k-fold composition of p with itself.
Car , aj) e ph iff there exist (b

. .... ben) - A with

Can
,
bel ep , (bebabe p, ..., /brelail Ep .

to reflect composition we use the boolean matrix product.
For two 20, 15-matrices A = Kaij) and B =(bij) define their

boolean product E : A B by

zij=Cair / brj
r= 1

i

. e. zij = 1 iff there exists with air : 1 and Drj = 1.

Claim :

HM
is theadjacency matrix f P, tenthe Kh

bl

aa
I is the adjacency matrix of ph . Concretely

(UYij (ai , aj) = p



Proof by induction :
Base k = 0 :

po-idy. By definition Mo = In .

The entry (Enlip : 1 iff it jo
which matiles (ai , aj) E ide . So the statement holds for k=

Base K= 1 :

M" = M . By construction (M)ij = 1 iff (9i , 9; /Ep . So the statement

holds for k = 1

Induction hypothesis :
Assume the statement holds for an arbitrary keIN , i. e.
(MOYir1 iff Cai, all eph for all i

,
r.

&

Inductive step :
Consider K+ 1 . By definition of the boolean product :

(M (+) = (ooM)ij= (Mir <Mri)
By the inductive hypothesis (M"Cir = 1 exactly when

Cai
,
arl Eph ,

and
mrj

= 1 exactly when Car , aj) Ep.

therefore the right-hand side is 1 precisely when there exists

~ with (ai , arl Eph and Car
, aj) E P, so when

Jai , aj) e pate.
this proves the claim for +1

. By induction the claim

holds for all KEIN.

Mus
, the identity



(MO(k+1) ,j = (MooM) ij
is a recurrence relation . The adjacency matrix for

kit
is

obtained by taking the adjacency matrix for pand
performing one more boolean multiplication by M.

to obtain the adjacency matrix MOR you simply
start

at M and apply the step k-1 times


