Nina Gassner

Repeating Relations

case 1: k=1
IF k=1
p=&
p'=p= @

Vije 0} (izj-> pixpi)
is trivially true, as i*j con never

be true with ij€ {13, as {11 is o singleton.

case 2: k>=2

A= {1, 2.3, .., nl with ne N’
Let p be a relation on A with!
(a,b) € p e o+l =4, b
Then, VieM ((a.b) € p' <¢=> aei=._b). i)
proof by induction of: Yne N' (P(M) ) wirh:
P(i) ‘3::’ ( (c.b) e p‘ €= o+ i =2,,b), for all o,bk in A, Ffor all neN*
bose case: n=|
P() ¢=> ((a.bl€p <> o +1 =2,.,b)
This is true by the oefinition of p.
induction hypothesis: P(n) holds for arbitrary n € N*

induction step:

(o, b) € p

¢<=> (a,b) € p" ° P

<> 3c ( (ac)€p” a (cble P] | exist. instantiation

=2 (anc) €EP” A (c,b)€p |

<=3 a*tn 5., C a c+l =, b

g=> art nel S crl oA crl =, b | =k is an equivolence relation
=> ot ntl =... b

Thus, P(n) => P(n+1) holds.
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Now, | wil show thot:
P> = P ® <> o = b G for ol abk €A, neEnN' )
(i) => Gi): by |direct proof
Suppose thar (i)  holds.
W p* = p° (The universe is A:) | for any two sets A and B A=B <> (ASB)A (BSAY)
2 e vy (Goy) € p° = xy) e p°) | en
@ ¥xVy ( x+a Sy x’bEqu)
<= ¥xV¥y ((xra sy A xtbaFy) v (x*a %oy A xrb #,4)) | =k is an equivolence relation,
<> ¥x¥y ((a s b) v ( x+o %.,4 A x=+b t—k_,;_‘) (k=N | ((x+0)- (x+ b))
Now, choose x=k-\ and y= a, both of which are in A. Then: i Il B s
G = (o5b) v (k-lra .0 A x+b%.,.y) | 3, - k-1 +a-a
= (afeb) v ( L A xebEqy) | dominotion & identity law
=> (0=, b)
<=2 (i)
Thus, () => (i)  holds.
Gil) = G) by, direct proof.
Suppose thot (i) holds. (The universe is A:)
() <> Wxly ((xgl€ p® > (x,4) € p")
< ¥xVyq ( x+r@ Sy @ x+b=q) I Giy, (3)
D Wx Wy ( x*ofg 2 xtoSgg) | pvap =T
<> ¥x Yy cT)
The lost srtatement is true.
Thus, (i) => (i) holds.
As =, k, by (2), p=p*
Moreover, ¥ije {1, .., k-13 C(izj = pi=pi)

This can be shoun by contradiction.

Suppose that this was false. Then,
i*] and pi= pi
However, ixj and
=2 &,
=> p" + Ip.'|

there wovuld be

i€ . k=11

i goin (Lo, k-1 itk

explanation by contradiction:
| Suppese that iSkj and 1€ In2 ., k=11 and i

Then, (i-1) = a(k- with some o€ Z.
I ¢2) However, -k+2 ¢ i-j £ k-2
Thus, O would have to be O, meaning that i-j =0
D iE
Therefore, iZe. j A LJ€ Ll k-1F A i¥j

is unsatisflable
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(used step:)

(3) proof: 0=, b and c=md =  artc =, brd
(with a,bc,d, m  being arbitrary elements in N, me N The universe is z.)

a=nb <=> m]| (a-b)
> Jk ( o-b= mk) [ exist. instontiation

<=3 a-b = Mk (i

CEmd <> m| (c-d)

¢=> 3Je(c-d= mk) [ exist. instontiation
< c-d= mé G
a+c) - (bed) = (a-b)+ (c-d) |, 6

= mk * mé&
= M- (k + &)
= m | (o+c)-(b*d)

= atc S, b+d



