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**&A : AVAUAUA.

The tuple (9 , b) canbeuniquely defined as the set

5593 , 59 ,
b 33 ,

where Ca
,
b) is an element of AxA = A

Proof :

Assume : ESa} , [a , 333 = [Ec3 , 54, d33
Equality of the two 2-element sets means the two members on

the left are the two members on the right (possibly in swapped
order) .

Hence there are exactly two possibilities :

(i)[a3 : [c] and Ea , b3 = Ec ,di

From 593 = 523 we get a = c Substituting into [a , 33 = Ec ,di yields
Sa ,
b5 = Ga ,di . If bed then Ea , b3 and Eads are different

sets , a contradiction
. Therefore b=d

, thus a = > and b=d.

(ii) Gab = Gc , d3 and Ga , by = Ech

From Gaz = Sc , d3 we see the two-element set GC,&3 is actually a

singleton , so c =d
. Therefore &C ,d = 5c5 = Gaz ,

and so azc = d.

Now Ea , b3 = Gc3 = Gas implies [a . 33 =Gaz ,
Kence b = a.

Combining these equalities gives a = c and b=d (in fact all

four are equal in this case)

Define pair (x , y) := GEx3 , Ex , 33]



Define a mapene that sends each finite [raempty
sequence in A to a set built only from elements of
A

, % ,
and repeated applications of pair , by recursion on

the length of the sequence.

For any at A define the encoding of the length -1 sequence (a) by
enc(a) =

pair (a , b)

For n22 and a sequence (91
, 92 , ...,

an) EA "define
enc((an , . . . ,

an)) =

pair Can ,
enc(az, . . .,

an

Thus the encoding is uniform · The head of the sequence
is stared as the first component of a pair and the fail

is stored Crecursively) as the second component. By
construction the second component of a length = 1 sequence
is 0. Every sequence of length > I has a non-empty
second component.

Define S = Gene(s) : seA"
,

n = 1}
This S is the set of all nonempty finite sequences
from A

We wat to fore that every ene(s)eS is a set built

only from elements of $, 6 ,
and repeated pair appli

cations .

Proof by induction :

Base : n = 1

For S
=Cal we have enc(lall = pair (a,%) = 55a} , 59, 033.



this set is built from the element a t A and
,

so it

satisfies the required form.

Inductive hypothesis :

Assume for some 621 that every sequence toA" ,
enc(t) is built only from elements of A

, 0,

and pair
applied to such objects.

Inductive step :

Let s = (a, ..., aux) e A1 . By definition
enc(s) = pair (an , enc(la2 ,..., ArtelII.

By the induction hypothesis enc (las
, ..., ani has the re-

quired form ,
and an EA . Thus pair (a ,

eve(tail) is again
a set formed by pair applied to acceptable objects ,

so

it also has the required form.

this completes the inductive proof .

We also need to show that the encoding is injective.
that is

, if ere(s) = enc(t) then =t .
In particular sequences

of different lengths have different encodings.
Proof by induction :

Let s and t be two nonempty finite sequences from

A with enc(s) = enc(t).
Write s: Can

, ...,
and and : /be ... ,

bu) with nm21 .
&

Base : n = 1

then enc(s) = pair (91 , 9) · Since enc(t) = ene(s)
, we

leave



pair (b .... ) = pair (a , $) . By the unique definition shown

at the beginning be = 9 1 and second component of
enc(t) =0.

But by the recursive definition ,
the second component

of ene(t) = 0 if and only if I has length 1. Hence

m= 1 as well and t = (bel = (ae) =

Inductive step :

Suppose the claim holds for all sequences of length n .

Let s have length not .

then

enc(s) = pair (an ,
enc (tails)

and similarly enc(t) =

pair (b, enc (faile)).

Equality of the encodings and the uniqueness property give
an = be and enctails) = enctailt)

Nowfail
,

has length n . By the induction hypothesis
applied to the fails

, tails taily. together with an = be

we get s = t.

This completes the inductive proof.

this enc is injective.

Conclusion :

The recursive map enc gives a unique set-theoretic representa
fire for every nonempty finite sequence from A.


